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This paper is concerned with endomorphism onoids of de Morgan algebras. A construction 
is given of finite ordered sets with an  order-inverting involution which are rigid; these 
correspond under duality to finite rigid de Morgan algebras. It can then be deduced that the 
variety of de Morgan algebras i  universal, and, as a consequence, that for any given monoid M 
there is a proper class of non-isomorphic de Morgan algebras having M as endomorphism 
monoid. These conclusions contrast sharply with known results for Boolean algebras, which de 
Morgan algebras generalize: a Boolean algebra is uniquely determined by its endomorphism 
monoid. 
I. Introduction 
A de Morgan algebra (L; v ,  A, --, 0, 1) is an algebra of type (2, 2, 1, 0, 0), 
where (L; v ,  A, 0, 1) is a bounded distributive lattice and - is a dual 
(0, 1)-lattice automorphism (so that - (a  A b) = -a  v -b ,  - (a  v b) = ~a A -b ,  
- -0=1 and -1=0)  that satisfies -~-a=a. These algebras are a natural 
generalization of Boolean algebras, and an extensive literature already exists on 
them: see Balbes and Dwinger [5] and the bibliography of Goldberg [14]. 
In [21], Kalman showed that the lattice of subvarieties of de Morgan algebras is 
a 4-element chain T c B c K ~ M where T, B, K, and M denote respectively the 
varieties of trivial, Boolean, Kleene, and de Morgan algebras. There are three 
non-trivial subdirectly irreducible de Morgan algebras each of which generates 
one of these subvarieties: B is generated by the 2-element chain {0, 1}, g by the 
3-element chain {0, a, 1} in which ---a = a and M by the 4-element complemented 
lattice {0, a, b, 1} in which -a  = a and -b  = b. We investigate the variety of 
Kleene algebras in [4]. 
The concept of a universal category has been extensively studied, and a full 
account of universality can be found in Pultr and Trnkov~ [32]. It was shown by 
Hedffin and Pultr [17] and Pultr [31] (see the bibliographical remarks at the ends 
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of Chapters I and II in [32]) that the following are equivalent for a category C: 
(i) C is universal in the sense that every algebraic ategory can be embedded 
in it as a full subcategory; 
(ii) C is such that the category of undirected graphs G (with all compatible 
mappings as morphisms) is embeddable in it as a full subcategory. 
(An undirected graph (V, E) is a set V together with a collection E of 2-element 
subsets of V. A map ~ between graphs G and G' is said to be compatible if, for 
x, y e V, {~(x), ~(y)} e E'  whenever {x, y} ~ E.) 
We say that a variety is universal if the category obtained by taking all the 
algebras in the variety and all homomorphisms between them satisfies (i) and (ii) 
above. 
Our main theorem is the following: 
Theorem 1. The variety of de Morgan algebras is universal. 
In proving the result we shall adopt a strategy similar to that used in [2] and [3] 
to  consider the universality of other varieties of distributive-lattice-ordered 
algebras (cf. Koubek and Sichler [23]). The method involves duality; necessary 
background is given in Section 2 (for a fuller account, consult either of the survey 
papers Davey and Duffus [10] or [30]). On the one hand there is a category TM of 
ordered topological spaces dually equivalent to M: see Cornish and Fowler [9]. 
On the other hand there exists a certain category T5 (of ordered topological 
spaces with a particular type of 5-element distinguished subset) into which the 
category of undirected graphs G dually, embeds as a full subcategory: see [2], [3], 
Hedrgm and Pultr [18], and Section 2. (This embedding is accomplished by first 
embedding G in the category A2 of unary algebras with two operations, which can 
be shown to be dually equivalent to a full subcategory of Ts.) We thus have dual 
isomorphic embeddings G--* Ts, TM ~ M, and the crux of the proof of Theorem 1 
is the construction of a full embedding of Ts into T~. 
To carry through the construction we find a family of finite ordered sets built 
up from intertwined crowns which are suitably rigid and incomparable. In view of 
results of Duffus, Rival, and Simonovits [12] (see the remarks following Lemma 
5) it is perhaps slightly surprising that this is possible. These ordered sets 
correspond under duality to finite rigid de Morgan algebras. (An algebra is rigid if 
it has only the identity as an endomorphism.) We obtain the following 
Theorem 2. For any n < to, there exists a family of finite rigid de Morgan algebras 
(Li:i < n) such that, for distinct i and ], there are no homomorphisms between Li 
and Lj. 
In this context it is worth noting that de Morgan algebras are correlation 
lattices. Fixed points of correlation lattices and de Morgan algebras are studied by 
Schweigert and Szymafiska [38] and Varlet [39], respectively: we remark that 
every element of a rigid de Morgan algebra is a fixed point. 
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For an algebra A, let End(A) denote the endomorphsim onoid of A. It is 
known that, in a universal variety, there are many non-isomorphic algebras with 
any given monoid as endomorphism onoid; see Hedrlrin and Sichler [19]. As in 
[2], we immediately deduce from the proof of Theorem 1 that the following is 
true: 
Theorem 3. For any monoid M and any infinite cardinal x >i IMI, there exists a 
family of  de Morgan algebras (Li: i < 2 '~) each of cardinality x with End(Li) ---- M 
which is such that there exists a homomorphism f : Li'--> Lj iff i = j. I f  M is finite 
there is a family of  finite de Morgan algebras (Li: i < o~) for which End(L/) - -M 
and no homomorphisms exist between Li and Lj for distinct i, j < to. 
In [4] we show that the variety of Kleene algebras, although not universal, is 
almost universal. This is sufficient o ensure that there are many non-isomorphic 
Kleene algebras with isomorphic endomorphism onoids. By contrast, Boolean 
algebras behave quite differently: a Boolean algebra is uniquely determined by its 
endomorphism onoid (that is, if End(B) ~ End(B') for Boolean algebras B and 
B', then B ~ B'). This was proved, independently, by Magill [24], Maxson [25], 
and Schein [37]. This property of Boolean algebras is shared by many other 
varieties. By Hu [20], it holds in any variety generated by a primal algebra (cf. 
[1]) and, in the sense defined by Davies [11] and Murskfi [26], most finite 
algebras are primal. (For further information on primality, see Burris and 
Sankappanavar [8] or Quackenbush [16], [33].) 
2. Preliminaries 
Given a partially ordered set P, a sequence Xo, • • •, x,_ 1 in P is a path of length 
n - 1 connecting xo to x,-1 if xi is comparable with xi+l for all i < n - 1. The 
length of a path X in P will be denoted l(X). A path is a fence if there are no 
other comparabilities between its elements. It is a crown if Xo is comparable with 
x,,_l and x0, . . . ,  x~-2 and x l , . . . ,  x,,_l are fences. A partially ordered set is 
connected if, for all x, y e P, there is a path connecting x to y. Clearly, 
connectivity is an equivalence relation, the equivalence classes of which are 
referred to as components. The distance from x to y is the minimal length of a 
path connecting x and y if x and y are connected, and is undefined otherwise. For 
Q c P, let (Q] and [Q) denote the order ideal and filter generated by Q. Then Q 
is decreasing (increasing) providing Q- - (Q]  (Q=[Q)) .  The set of minimal 
(maximal) elements of P is denoted min(P) (max(P)). For partially ordered sets 
P and P',  a mapping q0 :P--->P' is order-preserving if q0(x)~< tp(y) whenever 
x<~y. 
Given a topology • defined on a partially ordered set P, the pair (P, 1:) is called 
an ordered space. The space is totally order-disconnected provided, for x, y e P 
with x ~ y, there exists a clopen decreasing Q c_ P such that y e Q and x ~ Q. If, 
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in addition, r is compact, then (P, lr) is called a Priestley space. It was shown in 
[28] (see also [29]) that the category of distributive (0, 1)-lattices with (0, 1)-lattice 
homomorphisms is dually equivalent to the category of Priestley spaces together 
with continuous order-preserving maps. If L and (P, ~) are associated under this 
duality, then the elements of L correspond to the clopen decreasing subsets of P. 
Further, if f:L--->L' is associated with the continuous order-preserving map 
cp:P'--.P, then f (a)=b iff qg-l(A)=B, where A and B are the clopen 
decreasing subsets that represent a and b. 
Since every de Morgan algebra is a distributive (0, 1)-lattice, it is to be 
expected that de Morgan algebras hould be dually equivalent to a recognizable 
category of Priestley spaces. Let TM denote the category whose objects (P, r, ¢) 
are Priestley spaces endowed with a continuous involutive order anti- 
automorphism ¢ (such that ¢2(x) = x for all x e P) (to be referred to as m-spaces) 
and whose morphisms are those continuous order-preserving maps qg:P ~ P' for 
which q9 o ~(x) = ~ o qg(x) (to be referred to as m-maps). In Cornish and Fowler 
[9], the following was established. 
Proposition 4. The category of de Morgan algebras is dually equivalent to the 
category I'M. 
If L and (P, 3, ~) correspond under this duality and A represents a ~ L, then 
--~a is represented by P\¢-I(A). 
We conclude this section by recalling the definition of the category T5. It has 
objects (P, 3, P0) that are compact otally order-disconnected spaces (P, 3) such 
that (i) P is a connected partially ordered set of height 2 with a 5-element subset 
of minimal isolated elements P0 = {Po, • • •, P4} _~ P, and (ii) if x e max(P), then 
there are distinct i, j such that x >~Pi, P# The morphisms of T5 are continuous 
order-preserving maps q9 :P--~ P' that satisfy qg(pi)=p~ for i < 5. 
As explained in the introduction, it is shown in [2] and [3] (see also Koubek 
[22]), that G is dually isomorphic to a full subcategory of Ts: In the next section 
we show that T5 is isomorphic to a full subcategory of TM, from which the 
universality of M follows. 
3. Proof of Theorems 1 and 2 
The goal of this section is to prove Theorem 1. Our immediately objective 
(achieved in Lemma 8) is to find five finite rigid m-spaces that are mutually 
incomparable. Theorem 2 is a corollary of this lemma. 
An m-space (P, 3, ¢) is said to have finite ~-girth if x and ~(x) are in the same 
component for some x ~ P. The value of the ~-girth, denoted g(P), is then 
defined to be the minimal length of a path connecting x and ¢(x) amongst all 
possible x e P. A path from x to ~(x) of length g(P) in P is special. 
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Lennna 5. In an m-space (P, r, ~), i f  a path X is special, then X U ¢(X) is a 
crown. 
Proof. Let the path X be x = x0 , . . . ,  x,,-1 = ~(x) (so g(P) = n - 1). For 1 ~< i ~< 
n-  2, le t  xn-~+i= ¢(xi). Then Xo , . . . ,  x2~-3 lists the elements of XU ¢(X). 
Since X is a path of minimal length connecting x and ¢(x), it is a fence, as is 
~(X). Consequently, to show X U ~(X) is a crown it is sufficient o verify that xi, 
for 1 ~< i ~< n - 2, is not comparable with xj for any n ~< j ~< 2n - 3. Suppose that 
for some i and j this is not the case. Then xj = ~(Xk), where k = j -  (n -  1). 
However, the distance between x~ and Xk is li -- kl which is less than n - 2. Thus 
the distance between xj and Xk is less than n - 1. Since xj = ¢(Xk), this violates the 
choice of x. [] 
Let (P, r ,  ~) be  a finite m-space. It may be assumed that if P has finite ~-girth, 
then there is a special path X~ min(P)Umax(P) .  By Duffus, Rival, and 
Simonovits [12] (see also Nowakowski and Rival [27], and Rival [34, 35]), it 
follows from Lemma 5 that, as a partially ordered set, X U ~(X) is a retract of P. 
Provided P :/: X U ¢(X), it follows that there is a non-trivial order-preserving map 
from P to itself which preserves ~ on XU ~(X). In the special case that 
P = X U ~(X), the existence of such a map is guaranteed so long as P has at least 
three elements. The existence of finite rigid m-spaces is then somewhat surprising 
since, in the case P is finite, every order-preserving map is continuous. That they 
are not readily visible levi~s a toll soon to be exacted. 
Lemnm 6. Let P and P' be m-spaces and let cp : P-- ,  P' be an m-map. I f  a path X 
in P is special and qg(y) = cp(z) for distinct y, z e X U ~(X), then g(P') < g(P). 
Proof. By Lemma 5, it may be assumed that y is x and that z e X. Since q0(X) is 
a path and qg(¢(x))= ¢(qg(x)), the distance from qg(x) to ¢(cp(x)) is less than 
g(e). [] 
Before defining the required rigid m-spaces, we give a construction that allows 
two crowns to be adjoined to an existing m-space. 
For n~>l, let X= {x~: O<-i <~ 4n + l}, Y = {yi: O<~i <- 4n + l}, and Z= 
{zi: O<-i<-4n + 1} be three distinct crowns where, for O~i<-2n, x2~<-x2~_z, 
x2~+1, Y2/~<Y2~-1, Y2~+1, and z2~ ~<z2/-1, z2/+1 (addition to be performed modulo 
4n +2).  
Further, for 0 ~< i ~< 4n + 1, let ~(x~) = xz,+l+i, ~(y/) = Y2,,+s+i, and ¢(zi) = 
z2~+1+~. Note that ¢2 is the identity on each of the crowns X, Y, and Z. 
Then each of X, Y, and Z endowed with the discrete topology and the 
anti-isomorphism ¢ is an m-space. Suppose that, in addition X is an m-subspace 
of an m-space (P, r, ¢). We will now intertwine the crown Y and then the crown 
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Z with the space P by making a number of identifications with elements of the 
crown X. 
First the crown Y is adjoined to P. 
For r I> 0, identify YEr+l with X2r+l, Y2r+2 with x2~+2, Y2r+2n+2 with X2r+2n+2, and 
Y2,+~+3 with x2,+2,,+3. Retain the labels x2~+1, X2r+2, X2.r+2n+2, and x2~+2,,+3 and, 
henceforth, let Y denote the crown 
Y2~, x~,+l, xz-+2, Y2r+3,  • • • ,  Y2r+2n+l ,  X2r+2n+2,  X2r+2n+3,  Y2r+2n+4,  - • • ,  Y2r+4n+l"  
Since ~(Xi) = Xj i~ ~(Yi) -" Yj, the resulting partially ordered set 
Pr(P, X, Y) = P t.J (Y~{Y2r+~, Y2~+2, Y2,-+~+2, Y2,+2~+a}), 
together with the restriction of ~ gives an m-space. 
Next the crown Z is adjoined to Pr(P, X, Y). 
Identify zz, with x2r, z2~+1 with x2~+1, z2~+2 with Y2~, z2~+2~+~ with X2,+2n+1, 
ZZ,+2~+2 with x2~+2~+2, and z2,+2~+3 with Y2,+2~+~. This time retain the labels x2,, 
x2~+l, Y2r, x2~+2~+~, x2 +2~+2, and Y2~+2~+~ and, henceforth, let Z refer to the 
crown 
X2r, X2r+l, y2,., z2,.+3, • • •, z2,.+2,,, xz,+2~+l, x2,+2~+2, 
Y2r+2n+l ,  Z2r+2n+4,  • • • , Z2r+4n+l"  
Once more, ~(xi)=xj iff ~(zi)= zj. Thus, since ~(z2~+2)= z2~+2,,+3 and ~(YEr)= 
Y2~+2,,+1, the set 
P,(P, x, r, z)= Pr(P, X, r) 
u (Z\{Z2r, Z2r+l, Z +2, 
with the restriction of ~ again gives an m-space. 
For a diagrammatic nterpretation, the comparability graph of the amalgama- 
tion of the crowns X, Y, and Z in Pr(P, X, Y, Z) is shown in Fig. 1. 
Using the above construction we will now intertwine seven crowns in suitably 
awkward fashion to produce the required rigid m-spaces. 
Henceforth, let n I>20 and 6~<3s ~<n-  2. (It will be the choice of s that 
provides incomparable m-spaces. It is for this very reason that n t> 20: there are 
always at least five distinct values of s such that 6 ~< 3s ~< n - 2.) 
Let A={ai :O<~i<4n+ l}, B={b i :O<i<-4n+ l}, C={ci:O<-i<-4n+ l}, 
D={di :O<~i<.4n+l},  E={e i :O~i<~4n+l} ,  F=( f i :O~i<-4n+l ) ,  and  
G = {g~: 0~< i ~< 4n + 1} denote the seven distinct crowns where, for 0 ~< i ~< 2n, 
a2~ ~< a2j_l, a2~+~, b2~ ~< b2~-1, b2~+~, c2~ ~< c2~-~, c2~+1, d2~ ~< d2~_~, d2~+1, e2~ < e2~_~, 
e2/+1, f2/~<f2/-1, f2/+x, and g2/~< gE/-t, g2/+1. 
Again, for 0 < i ~< 4n + 1, let ~(ai) = a~+l+~, ~(b~) = b2~+~+, ~(c~) = c2~+~+i, 
~(di) =d2,,+~+, ~(e~)=e2~+~+i, ~(f~)=f2~+1+i, and ~(gi)=g2,,+l+~. 
Each of A, B, C, D, E, F, and G endowed with the discrete topology and the 
anti-isomorphism ~ is an m-space. 









First adjoin the crowns B and C to A by setting 
PA,B,c = P0(A, A, B, C). 
This has the effect of linking the crowns B and C to the crown A at al and a2~+2. 
Next adjoin the crowns D and E to PA,s,c over the crown A by taking 
PA,n,C,D,E = Ps(PA,n,c, A, D, E). 
This links the crowns D and E to A at a~+l and a2,+2,,+2. (As mentioned above, 
it is by varying s that we obtain incomparable m-spaces.) 
Finally, we adjoin the crowns F and G to PA,n,c,D,E also over the crown A. Let 
es = P3s(PA,B,C,D,E, A ,  F, G). 
The effect is to attach the crowns F and G to A at a~+l and a~+~+2. (The points 
of attachment are chosen to mar a natural symmetry that exists in PA,B,C,O,E and 
thereby ensure rigidity.) 
It is to be shown that P~ (the comparability graph of which is given in Fig. 2) is 
a rigid m-space and that P~ and P~, are mutually incomparable for distinct s and s'. 
We remark that it is only the existence of five finite mutually incomparable 
m-spaces that is required and, as the reader will be pleased to learn, the details of 
their construction will be suppressed thereafter. 
We also remark that the de Morgan algebra associated with P~ is enormous. 
Even a cursory glance reveals that it always has in excess of 2 ~° elements. Little 
gain is to be made by requiring only one rigid de Morgan algebra by this 
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technique, rather than five incomparable ones: the algebra produced still has 
more than 2 l°° elements. 
The proof of the following lemma is a somewhat routine consequence of the 
definition of P~. 
Lemma 7. For x • P~, the distance from x to ~(x) is 2n + 1. In particular, 
g(P~) = 2n + 1. 
ProoL For x e P~, let X be a path of minimal length connecting x to ~(x). 
Clearly, X exists and, since x is an element of at least one of the crowns A, B, C, 
D, E, F, or G, l(X)<~2n + 1. It must be shown that l(X) is exactly 2n + 1. 
Consider, case-by-case, the possibilities for x. 
First, let x = bi for some 3 ~< i ~< 2n. Then X connects bi to b2~+1+~. Let Y _~ C 
denote the path b0 ( -= c2), c3, •. •, c2,,, a2,,+1 ( - c2,+0. Then l(Y) = 2n - 1. Also 
the distances from a2,,+l to each of a2 ( ~- b2), b2n+l, b0, and a2,,+3 ( - b2,,+3) are 
>12. It follows that if X N (Y~{b0, a~,+l}) #: ~, then l(X) ~> 2n + 1. Thus we may 
assume that X has empty intersection with the path c3 , . . . ,  c2~. Similar 
arguments how that X may be taken to have no element in common with any of 
the paths {cj:2n+4<-j<-4n+l}, {dj:2s+3<-j<~2s+2n}, {d j :2s+2n+4~ < 
j~<2s +4n + 1}, {ej:2s+3<~j<-2s+2n}, {ej:2s+2n+4<~j<~2s+4n+l}, 
{J~:6s+3~<j~<6s+2n},  {~:6s+2n+4~<j~<6s+4n +1}, {g j :6s+3~<j<~6s+ 
2n}, or {gj: 6s +2n +4<~j~<6s +4n + 1}. That is, X~_A UB. I fXN (AkB) 4:~, 
then XN(A\B)  contains a path of length ~>2n and, since 3<~i<<-2n, l(X)>~ 
2n + 2. Consequently, X c_ B and, hence, l(X) >~ 2n + 1. 
For 3 ~< i ~< 2n, a similar argument holds in the event that x = ci, d~+i, e2~+, 
f6s+i, or  g6s+i. 
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Consider next x = bo. Then X connects bo to ~(b0) = b2~+1. If X f'l ((D U E U 
F U G)L4) ~ t~, then X N ((D U E U F O G)LA) contains a path of length ~>2n 
and, hence, l (X)  I> 2n + 2. Thus X _ A t_J B t2 C. If X N (A\ (B  t2 C)) :~ t~, then it 
contains a path of length ~>2n - 1. Since the distance of bo from ao and from a2 is 
two, as is the distance of b2~÷~ from a2~+1 and from a2~÷3, I(X) I> 2n + 3 and it 
follows that X ~_ B U C. In consequence, ither b4n+~ E X and X _~ B or c3 e X and 
X ~ C. In each instance, l(X) = 2n + 1. 
The cases x = d2~ and f6~ are argued in the same way as the previous one. 
It remains to consider x = at for some 0 ~< i ~< 2n. If i :~ 0, 1, 2, 2s, 2s + 1, 
2s + 2, 6s, 6s + 1, or 6s + 2, then certainly X ~_ A and l (X) = 2n + 1. If 0 ~< i ~< 2, 
then X fq ((D t.J E t.J F t.J G)LA) = ¢. Thus, either X c A,  X fq (B \ (A  t.J C)) ~ ~1, or 
X tq (C \ (A  t.J B)) ~ t~. That is X c A, X ___ B, or X ~ C. So, once more, l (X) = 
2n + 1. A similar argument holds when 2s ~< i ~< 2s + 2 or 6s ~< i ~< 6s + 2, at which 
point every possible choice of x has-been accounted for. [] 
Lemma 8. Suppose n >~ 20, 6 ~< 3s and 3s' <~ n - 2. I f  q~ :P~---> P~, is an m-map, 
then s = s' and q9 is the identity. 
ProoL We begin by showing that ~(al)  lies amongst al, a2~,+1, and a6~,+1. First 
notice that, by definition, ~(al)  is connected to ~(ao), qo(a2), and tp(bo) in the 
comparability graph of Ps,- Furthermore, observe that any pair of elements in the 
set {ao, a~, a2, bo} belongs to at least one of the crowns A, B, or C. Thus, by 
Lemmas 6 and 7, their images under tp must be distinct. This places a limit, albeit 
still large, on the choice of qo(al): this point must be one of a~, a2~,+1, a6~,+~, 
a2,,+l, a2n+3, b2~+l, a2~,+2~+1, a2s'+2n+3, d2s,+2n+l, a6~,+2,,+1, a6s'+2n+3, or 
f6~'+~+1- Suppose qg(al) = a~+x. There are then three possibilities: 
(i) tp(ao)= c2~ which implies qg(a6~+2~+2)= tp(f6~+2,,+4) and forces an iden- 
tification of images in the crown F;  
(ii) tp(a2)= c2~ which implies qg(a2~+0 = tp(e2s+4n+l) and forces an identifica- 
tion in the crown E; or 
(iii) qg(bo)=c2~ which implies q9(c2~)= tp(b2~+4)=b0 and, since qg(a2~+~), 
q0(a2,,+2), q0(a2~+a), and bo cannot all be distinct, forces an identification in one of 
the crowns A, B, or C. 
Thus, qg(a~):~a2~+x. Similar arguments rule out the other unwanted pos- 
sibilities, so that, as required, fp(al) = al, a2~,+1, or a6~,+1. 
Similarly, tp(a2~+l) and qg(a~+~) are amongst a~, a2~,+1, and a6~,+1. 
Since 6s ~< 2n-  2 and q9 is one-to-one on {at: l  ~< i ~< 6s + 1}, tp is a bijection 
from {at: 1 ~ i ~< 6s + 1} to {ai: 1 <~ i <~ 6s' + 1}. In particular, q0({a~, a~+l}) = 
{aa, aa~,+l}. Consequently, s = s '  and qg(az,+l) = a2~+x. It follows that qg(al) = ax, 
qg(a~+l) = aa,+x, and q9 is the identity on {ai: 1 ~< i <~ 6s + 1}. Since ~ is preserved, 
q0 is also the identity on {a2~+~+t: 1 ~< i ~< 6s + 1}. Then tp extends to the identity 
on A since the path {at: 6s + 1~< i <~ 2n + 2} is the shortest path between a~+~ 
and az~+2. It now follows that q0 is also the identity on bo, d2~, f~, b2~+~, 
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d2~+2,+1, and f6,+2~+1. Any remaining point lies on a path of shortest length 
between two points on which q0 is already known, the two points being such that 
there is a unique shortest path joining them. [] 
Lemma 8 establishes Theorem 2. In particular, there exist five mutually 
incomparable rigid m-spaces of prescribed odd F-girth (greater than 40). For the 
remainder of this section, let (Qi: 0 ~< i < 5) denote five such spaces of F-girth n 
such that, for every x e Qi, there is a path from x to ~(x) of length n. For each 
i < 5, choose a distinguished minimal element qi e Qi. 
We now construct he functor • from T5 to TM that we require to establish the 
universality of de Morgan algebras. 
For (P , r ,  Po)eTs, let a '=aoU' "ua4  and a=a'u( (P \Po)X{O,  1}). 
Define a partial order on Q as follows: 
(i) x ~< y in Q' ff x ~< y in some Qi; 
(ii) (x, 0) ~< (y, 0) and (x, 1) 1> (y, 1) if x ~< y in P\Po; 
(iii) for i < 5 and x e P\Po, qi ~< (x, 0) and ¢(qi) >1 (x, 1) if Pi <~ x in P. 
Informally, for each i < 5, the m-space Q~ is identified with the point p~ of Po. It is 
the rigidity and mutual incomparability of the Qi that ensures that they behave 
like fixed points under m-maps: thereby reflecting Po. (That (P\Po)x {0} and 
(PkPo) x {1} respond as one under m-maps will be guaranteed by ¢.) The 
construction is indicated in Fig. 3. 
Let tr denote the union topology on Q where the topology on (P\Po)x 2 is 
taken to be the product topology of the subspace P\Po of P with the discrete 
topology on the two-element space. Since, for i < 5, Pi is an isolated point of P, 
(Q, o) is a compact otally disconnected space consisting of finitely many isolated 
points, of which there are ~:(Iail: i < 5), and two copies of P\Po each of which is 
clopen. It is not hard to see that (Q, o) is a Priestley space. 
Define an extension of ¢ to Q by setting ~(x, i) = (x, i + 1) (where addition is 
performed modulo 2). 
Clearly, ~(P,  3, Po)= (Q, o, ¢) is an m-space. 
For P, P '  e ~,  let ~p :P--+ P' be a continuous order-preserving map such that 
lp(p~) =p" for i <5. Define ~0P):  ~(P)-"> ~(P ' )  as follows: 
(i) for i <5  and x E Qi, ~0P)(x) =x; 
(ii) for i <2  and x E PLPo, ~0P)(x, i) = 0p(x), i). 
~'(qo ) ~'(ql ) ~'(q2 ) ~'(q3 ) J'(q4 ) 
qo ql q2 q3 q4 
(P"~Po) x {0} QO Q1 Q2 (33 Q4 (P'~'Po)x { 1 } 
Fig. 3. 
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It is self evident that ~(~p) is a continuous 
commutes with ~. That is to say, ~(~p) is an m-map. 
The above remarks how 
order-preserving map that 
Lemma 9. ~ : Ts"-> I'M is a well defined faithful functor. 
To complete the proof of Theorem 1, it remains to show that • is also full. The 
proof will be facilitated by the following observation which is an immediate 
consequence of the definition of ~. 
Lemma 10. Let (Q, tr, ~) = ~(P, ~, Po). I f  x ~ Q\([..J (Qi: i < 5)), then the dis- 
tance from x to ~ (x ) is greater than n. 
Lemma 11. • :  Ts---> TM is a full functor. 
Proof. For P, P' ~ Ts, let q9 : O(P)--> O(P') be an m-map. It must be shown that 
q0=~0p ) for some continuous order-preserving map ~p:P--->P' such that 
~(pi) =P" for i <5. 
By Lemmas 10 and 6 and the choice of the family of m-spaces (Qi: i < 5), we 
have tp(Q') ~_ Q' (recall that Q' = [..J (Qi: i < 5)). Therefore, again by the choice 
of (Q i : i<5)  and by Theorem 2, the restriction of tp to Q' is the identity: in 
part icular,  q~(qi) -- qi. For x e max(P), tp(x, 0) ~ (P'\P~) x {0} since there are 
distinct i, j such that x >>- q~, qs. Thus, 
qg(((e\e0) x {0}) LI {qi:i <5}) _ ((e' \e~) x {0}) LI {qi:i <5}. 
In other words, the restriction ~p of tp to this set is a morphism of Ts. Since q9 
preserves ~, tp = ~0P)- [] 
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